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ABSTRACT: An analytical approach to predict copolymer compositions is presented for the particular
case that the reactivity of one monomer (B) alters under the influence of one measurable medium
parameter. Terpolymerization mathematical treatment was applied to binary systems (A/B), which turn
into ternary systems (M1, M2, M3) in a defined range between two extremes of the medium parameter.
The approach needs as input data a relationship describing the coexistence of two derivatives (M2, M3)
of B as a function of the influencing parameter, knowledge of homopolymerization kinetic data of B, and
reactivity ratios, rA and rB, only at the extremes of the variable medium parameter. As a case study, the
copolymerization of acrylamide/acrylic acid mixtures in aqueous medium was selected with the pH as
variable parameter. Good agreement of predicted and experimental data was proved. The approach
provides a useful tool to significantly decrease the number of polymerization experiments needed to identify
the effect of medium parameters on the polymerization kinetics. The principle of the approach is proposed
to treat any set of two monomers if one alters the characteristics under the influence of any measurable
medium parameter.

Introduction

Free radical copolymerization is a well-established
procedure to modify polymer properties by arranging
different monomers in a polymer molecule. It has many
advantages due to the versatility, applicability to many
functional groups, certain tolerance to impurities, and
practicability in both polar and nonpolar media. The
final copolymer constitution and configuration primarily
result from the reaction kinetics. Nevertheless, in any
radical copolymerization process parameters such as
pH, ionic strength, solvent composition, or temperature
have the potential to influence the reaction path and
thus the product characteristics. The influence of these
factors and their interrelations may infinitely increase
the number of reaction possibilities. Consequently, to
evaluate the total number of potential conditions by
experimental work can become extremely time-consum-
ing. This situation is always a strong motivation to
design models with the scope to better understand the
impact of polymerization conditions on the ultimate
copolymer properties.

The traditional procedure to predict copolymer com-
positions is to insert the comonomer feed composition
and appropriate monomer reactivity ratios into the
instantaneous copolymer composition equation usually
referred as Mayo-Lewis equation.1,2 Clearly, knowledge
of the influence of reaction parameters on the monomer
reactivity ratios becomes crucial for the determination
of copolymer compositions.

First methods to obtain reactivity ratios were pro-
posed by Fineman and Ross3 and later refined by Kelen
and Tüdös.4 They are based on different approaches to
linearize the Mayo-Lewis equation. Further procedures
have been elaborated. More recently, a nonlinear ap-

proach was developed and extended to an error-in-
variables model with the aim to properly treat the error
in both the independent and dependent variables. Table
1 alphabetically summarizes methods that are fre-
quently used to calculate monomer reactivity ratios.5

All methods require as input data the comonomer feed
composition and the resulting copolymer composition.
In the case of alterations in the feed under the influence
of medium or reaction parameters, other than the
concentration, the interdependency between the change
of the reactivity and the variation of the parameter must
be known. To quantify such dependency, in general, the
composition of copolymers synthesized under conditions
considering all variations has to be analyzed. This can
turn out to be a tremendous expenditure of experiments.

With the aim to minimize experimental work a
procedure was developed here applicable to predict the
compositions of copolymers synthesized by free radical
polymerization of two monomers with one of them
changing the reactivity under the influence of one
variable medium parameter. The originality of the
model is based on the calculation of actual termonomer
feed ratios for an initially two-component system if one
monomer creates a third component of different reactiv-
ity dependent on a physical parameter. In addition to
the calculable termonomer feed ratios, knowledge of
homopolymerization kinetics of the monomer, which
varies the reactivity, and availability of the reactivity
ratios, though only at both extremes of the influencing
variable medium parameter, were identified as input
data required for the model.

The radical copolymerization of acrylamide/acrylic
acid (AM/AA) with the pH as medium parameter
influencing the feed quality and, consequently, the
monomer reactivity was selected as a case study to
validate the approach. A number of researchers have
investigated the copolymerization of this monomer
combination under several conditions.13-18 Despite the
technical importance of AM/AA copolymers, the kinetic
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parameters published for this system scatter consider-
ably. Very different AM/AA reactivity ratios have been
reported. The effect of the pH on the kinetics and final
copolymer constitution has been studied without com-
mon agreement. To simplify the designation in subse-
quent discussion, AM and AA will be named as mono-
mers A and B, respectively. Figure 1 summarizes the
reactivity ratios of AM (rA) and AA (rB) published by
several authors covering the pH range from 2 to 9. At
pH ) 2, rA and rB range from 0.2513 to 0.615 and from
0.7914 to 1.73,18 respectively. Examining the pH depen-
dence of the two ratios, no clear dependency can be
concluded. This may partly be due to the limited
quantification of the additional influence of the ionic
strength on the kinetic parameters, which is frequently
not considered in the literature.

This paper presents a novel approach, the actual
reactivity approach (ARA), the idea of which was
recently introduced.19 It is based on the following:

•a physical-chemical law suited to calculate the actual
monomer feed composition and the radical chain end
state as a function of the variable medium parameter;

•the knowledge of homopolymerization kinetics of the
monomer, which is affected by the variation of the
medium parameter;

•the availability of the monomer reactivity ratios at
the extremes of the influencing variable medium pa-
rameter.

Before presenting the model development, the Theo-
retical Section serves to explain the concept of the ARA
and to briefly review electrochemistry and kinetics on
which the model is based. The practical applicability will
subsequently be demonstrated for the AM/AA copolym-
erization and include the validation with own experi-
mental data and data published by other authors. As a
prerequisite for the intended model, AM/AA copolymer-
izations at the extremes of the variable parameter, pH
) 1.8 and pH ) 11.7, were performed to obtain reliable

input data at defined reaction conditions. Homopolym-
erization data of AA were taken from literature.20

Experimental Section
Materials. White crystals of ultrapure AM, four times

recrystallized, and ultrapure AA (BASF, Germany) were
selected as monomers. Potassium persulfate (K2S2O8) puriss.
g99% was used as initiator. NaOH and HCl served for pH
adjustment. The water had Millipore quality (g18.2 MΩ/cm),
and methanol was HPLC grade. With the exception of AA, all
chemicals were purchased from Axon Lab AG-Apply Chem,
Switzerland.

Polymer Synthesis and Analytics. Copolymerizations
were performed in a 100-mL glass reactor. The polymerization
procedure, conversion analysis, and calculation of copolymer
composition and reactivity ratios have recently been described
in detail.21 Table 2 summarizes the experimental conditions
for all AM/AA copolymerizations, which were necessary to
obtain copolymerization parameters at the extremes of the
reaction conditions. The AM and AA monomer concentrations
and the initiator concentration in mol/L are designated as [A],
[B], and [K2S2O8], respectively. The Kelen-Tüdös equation was
employed to calculate the reactivity ratios,4,21 which are
summarized in Table 7 and used for the model validation.

Theoretical Section
Concept of the Actual Reactivity Approach

(ARA). This short paragraph details and explains the
idea of the ARA. The basis idea is to transform polym-
erization systems, for which kinetic parameters, proper-
ties, and/or chemical structures depend in a defined
manner on secondary reaction conditions, into systems
where the relative concentrations but not the properties
and structures of the components are affected by this
secondary reaction conditions. Secondary may be any
reaction conditions such as, for example, pH, ionic
strength, and solvent quality. By contrast, the feed
composition (total monomer concentration, initiator
concentration, initial monomer feed ratio) are considered
as primary conditions here.

The concept first requires the selection of the ap-
propriate model basis consisting of two parts, the
physical-chemical relationship, which serves to calculate
the actual termonomer feed composition as a function
of the actual value of the influencing medium param-
eter, and the kinetic scheme, which defines the reaction
steps for the system under investigation (Model Basis).
Subsequently, discrete regions have to be defined, where

Table 1. Methods to Calculate Reactivity Ratios

method ref

Barson-Fenn 6
Bauduin-Boutevin 7
error-in-variables model 8
extended Kelen-Tüdös 9
Fineman-Ross 3
Kelen-Tüdös 4
Mao-Huglin 10
Mayo-Lewis 1
nonlinear optimization 5
nonlinear least squares 5
Tidwell-Mortimer 11
Yezrielev-Brokhina-Roskin 12

Figure 1. Dependence of the monomer reactivity ratios of
acrylamide, rA, and acrylic acid, rB, on the pH. Reactivity ratios
rA (full symbols) and rB (open symbols) were taken from
literature data: (2,4),12 (b,O),13 (9,0),14 ([,]),15 and (1,3).17

Table 2. Experimental Conditions of AM/AA
Copolymerizations

parameter range

pH 1.8 and 11.7
comonomer ratio 0.14 e [A]/[B] e 7
[A]+[B] 0.4 mol/L
[K2S2O8] 1.8 × 10-2 mol/L
temp 313 ( 1 K

Table 3. Reactions and Propagation Constants of
Terpolymerization Systems

no. reaction
propagation

constant

1 -M°1 + M1 f -M1-M°1 k11
2 -M°1 + M2 f -M1-M°2 k12
3 -M°1 + M3 f -M1 -M°3 k13
4 -M°2 + M1 f -M2-M°1 k21
5 -M°2 + M2 f -M2-M°2 k22
6 -M°2 + M3 f -M2-M°3 k23
7 -M°3 + M1 f -M3-M°1 k31
8 -M°3 + M2 f -M3-M°2 k32
9 -M°3 + M3 f -M3-M°3 k33
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the reactivity of the participating reactants is different
but depends on clearly definable conditions (System
Design). Then, as the core of the approach, an initially
binary system with variable kinetic parameters defined
by secondary influences has to be transformed into a
ternary system with constant kinetic parameters (Ki-
netic Transformation). On this basis, for all previously
defined regions, the terpolymerization problem will be
solved substituting the unknown actual concentrations
of the coexisting monomers and deriving constant
kinetic parameter of partial reactions (Solution of the
Terpolymerization Problem). Finally, the copolymeriza-
tion scheme can be reestablished allowing the calcula-
tion of rA and rB considering the medium influence
(Return to the Copolymerization System).

Model Basis. With the pH as variable parameter
determining the fraction of the ionic monomer compo-
nent in the monomer feed as well as the reactivity of
the monomer and the polymer chain end, electrochem-
istry and reaction kinetics provide the model basis.

Electrochemistry. In aqueous solution, AA is in
equilibrium with the dissociated form, acrylate (A-)
according to eq 1:

The acid dissociation constant of AA, Ka, as the equi-
librium constant for the reaction in which the acid is in
equilibrium with its conjugate base in aqueous solution,
is defined by eq 2.

where [A-], [H+], and [AA] are the concentrations, in
mol/L, at the equilibrium of A-, H+, and AA, respec-

tively. For weak acids, eq 3 can be derived from eq 2
according to the Henderson-Hasselbalch equation.22

In eq 3, R is the fraction of dissociated acidic groups
(degree of ionization) and pKa

M is the negative logarithm
of Ka. In the system under study R is the dependent
variable, which is adjusted by modifying the pH. There-
fore, eq 3 can be rewritten to express R as a function of
pH. Rewriting yields eq 4a.

Appropriately, the AA monomer units of the polymer
chain, and especially the AA radical chain ends, are able
to dissociate, with the degree of dissociation influenced
by the pH. However, one has to consider that the anionic
charge is fixed at the polymer backbone and the
positively charged counterions can freely dissociate only
as long as the charge distance remains above the
Bjerrum length. In general, the ionization process of
polyelectrolyte chains is quite complex.23 On the other
hand, the dissociation of polyelectrolyte chain ends may
be treated differently24 justifying the application of eq
4b where R′ is the degree of ionization of the AA radical
end.

In eq 4b, pKa
Pend is the negative logarithm of the

effective dissociation constant of the chain end. pKa
Pend

is assumed to have a value between the pKa
M and the

pKa of AA units in a poly(acrylic acid) molecule (pKa
P).

With eqs 4a and 4b the actual pH dependent concen-
trations in the monomer feed and at the polymer chain
end can be calculated from the initial AA concentration
[AA] and the total chain end concentration [-AA]

Table 4. Reaction Regions and Their Characteristics

ionization of AA as

region pH range monomer R polymer chain end R′ occurrence of AA pH selected for model

I pH < 2.2 0 0 AA, -AA 2
II 2.2 < pH < 3.8 0 < R < 1 0 AA, A-, -AA 3.2
III 3.8 < pH < 6.2 0 < R < 1 0 < R′ < 1 AA, A-, -AA, -A- 5.6
IV 6.2 < pH < 8.4 1 0 < R′ < 1 A-, -AA, -A- 7.5
V 8.4 < pH 1 1 A-, -A- 12

Table 5. Summary of Kp Relationships Adapted to the pH Regions I-V of Table 4 Applying Eq 8b

region R R′ Kp

I 0 0 Kp
I ) k22

V 1 1 KpV ) k33
II 0 < R < 1 0 Kp

II ) k22 + (k23-k22) R
IV 1 0 < R′ < 1 Kp

IV ) k23 + (k33-k23) R′
III 0 < R < 1 0 < R′ < 1 Kp

III ) k22 + (k32-k22) R′+ (k23-k22) R + (k33+k22-k23-k32) R′R

Table 6. Application of the Actual Reactivity Approach to
Calculate Kinetic Parameters for Regions I-V

region
pH selected
for model Kp, L/mol s R R′ kij, L/mol s

I 2 Kp
I ) 119 700 0 0 k22 ) 119 700

II 3.2 Kp
II ) 112 600 0.09 0 k23 ) 41 200

III 5.6 Kp
III ) 17 100 0.95 0.77 k32 ) 51 200

IV 7.5 Kp
IV ) 13 000 1 ≈0.77

V 12 Kp
V ) 4800 1 k33 ) 4800

Table 7. Experimental Monomer Reactivity Ratios of
AM/AA at Different pH

pH rA rB

1.8 r12 ) 0.54 r21 ) 1.48
11.7 r13 ) 3.04 r31 ) 0.32

AA / A- + H+ (1)

Ka )
[A-][H+]

[AA]
(2)

pH ) pKa
M + log ( R

1 - R) (3)

R ) 10(pH-pKa
M)

1 + 10(pH-pKa
M)

(4a)

R′ ) 10(pH-pKa
Pend)

1 + 10(pH-pKa
Pend)

(4b)

[A-]R ) R[AA] (5a)

[AA]R ) (1 - R)[AA] (5b)

[-A-]R ) R′[- AA] (5c)

[-AA]R ) (1 - R′)[- AA] (5d)
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Kinetics. Due to the pH dependent coexistence of
AM, AA, and A- the presented approach is based on a
terpolymerization mathematical treatment of the binary
system AM/AA. The basic concept and equations de-
scribing the simultaneous polymerization of three dif-
ferent monomers (M1, M2, M3) will be exposed here.
Table 3 lists the nine propagation reactions, which can
occur between the three monomers and appropriate
polymer radical chain ends (-M°1, -M°2, -M°3). Each
reaction is characterized by one propagation constant.
In the subsequent sections it is throughout referred to
the number of the reaction presented in the first column
of Table 3.

The quantitative terpolymerization treatment is com-
plex due to nine reactions, which may simultaneously
occur. In general, the portion of each type of monomer
units in the terpolymer can be expressed as a function
of the concentration of the monomers in the feed and
six reactivity ratios, as it is written in eq 6, parts a-c.25

[Mi
P] denotes the instantaneous portion of monomer

“i” in the terpolymer. [Mi] are the concentrations of
monomer “i” in the feed, and rij ) kii/kij are the reactivity
ratios with both i and j ranging from 1 to 3. To calculate
any terpolymer composition from eq 6a-c, in addition
to the monomer feed concentrations of the three mono-
mers, all six reactivity ratios r12, r13, r21, r23, r31, r32 have
to be known. Usually, they have to be determined
experimentally.

Model Development

Following the concept as outlined in the Theoretical
Section, the ARA was developed in four consecutive
steps, which will now be presented.

System Design. For monomer A only for pH consid-
erably lower than 2 significant change of the reactivity
was reported due to protonation. AM becomes neutral
at pH above 2.18 At pH > 2 H-bond interactions are
suggested to be responsible for the changes of the AM
reactivity.26 However, interactions between electrical
charges are much stronger than H-bonding. Therefore,
it is supposed that changes of the AM reactivity due to
pH variation in the range 2-12 is negligible compared
to changes for AA.26

Figure 2 presents the influence of the pH on the
kinetic and electrochemical behavior of monomer B. The
pKa

M of AA in aqueous solution has been reported as
4.227 and 4.25.28 Using eq 4a it can be calculated that

more than 99% of AA occur in neutral form at pH below
2.2, and exclusively in the ionic form at pH higher than
6.2.

The pKa
P for poly(acrylic acid) has differently been

reported, for example, 4.75 and 6.4, respectively.27,29 The
difference was assigned to different molar masses of the
homopolymers. In general, higher molar mass polymers
have higher pKa

P.30 Accordingly, the pKa
P of AM/AA

copolymers will shift depending on the molar mass and
copolymer composition. Moreover, also influence of the
ionic strength and R on pKa

P was recently quantified
for poly(acrylic acid).30 From eq 3, nonionized AA can
be expected at pH below 2.75 while AA polymer chains
with maximum charge density will be present above 8.4.
Little is known about differences between pKa at the
polymer backbone, pKa

P, and the chain end, pKa
Pend.

However, from the molar mass dependence strong chain
end influences may be concluded. For copolymers of not
to high charge density, where no counterion condensa-
tion occurs, almost entirely dissociated chain ends may
be expected. The different pKa of the chain end was
recently assumed and discussed to affect free-radical
polymerization.20

With eqs 4 and 5 as well as data taken from the
literature and cited above, the pH regions where AA is
coexisting with A-, either as free monomer or as
monomer unit at the polymer chain end, have been
identified as pH 2.2-6.2 and 3.8-8.4, respectively.

According to the degrees of ionization R and R′,
calculated from eq 4, parts a and b, five regions may be
defined. The regions are characterized by the presence
or absence of potentially reacting species. Within each
region the conditions at only one pH value were selected
for further model calculations. All regions are sum-
marized in Table 4.

Kinetic Transformation. The core of the ARA is to
transform a binary system with variable kinetic param-
eters into a ternary system defined by secondary influ-
ences but having constant kinetic parameters. The
ionization of AA is accompanied by a strong decrease of
the reactivity of the monomer. Such decrease is the
consequence of electrostatic repulsion between the ion-
ized monomer and the equally charged growing polymer
chain end. Since AA and A- possess very different
reactivities, they can be treated as two different mono-
mers from the kinetic point of view. Consequently, three
differently reacting monomer species and their corre-
sponding chain ends can be defined for the copolymer-
ization of AM/AA at different pH: AM, AA, and A- as
monomers and -M°AM, -M°AA, and -M°A- as radical

Figure 2. Dependence of the degree of ionization, R, of acrylic
acid (s) and the experimental apparent propagation coef-
ficients, Kp, (O)20 on the pH.

[M1
P] ) [M1]{ [M1]

r31r21
+

[M2]
r32r21

+
[M3]
r31r23

} ×

{[M1] +
[M2]
r12

+
[M3]
r13

} (6a)

[M2
P] ) [M2]{ [M1]

r12r31
+

[M2]
r12r32

+
[M3]
r32r13

} ×

{[M2] +
[M1]
r21

+
[M3]
r23

} (6b)

[M3
P] ) [M3]{ [M1]

r13r21
+

[M2]
r23r12

+
[M3]
r13r23

} ×

{[M3] +
[M1]
r31

+
[M2]
r32

} (6c)
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chain ends. Thus, the copolymerization of AM with AA
at different pH values may be interpreted as a terpo-
lymerization of AM, AA, and A-.

Two different notations of the AM/AA system empha-
size the concept. AM and AA are named as monomers
A and B when the AM/AA mixture is treated as a binary
system with variable monomer reactivity and constant
relative concentrations. On the other hand, if the
mixture is treated as a tertiary system, AM, AA and
A- will be designated as monomers 1, 2, and 3, respec-
tively. Here, the relative concentration of the monomers
will change while their reactivity remains invariable as
long as no other parameter than the pH is modified. In
the latter case, the reaction scheme presented in Table
3 and eq 6a-c are applicable. Nevertheless, it is
important to note that eq 6a-c result from the polym-
erization of three different monomers while the ARA
intends to use the equations with input data of only two
monomers for the case that one of them changes the
reactivity under the influence of one measurable me-
dium parameter.

For this purpose information on Tables 3 and 4 will
be combined and analyzed. In region I, the only reacting
species are AM and AA, and thus only reactions 1, 2, 4,
and 5 listed in Table 3 are possible. Similarly can be
concluded that reactions 1, 3, 7, and 9 are the only
possibilities in region V. Consequently, in regions I and
V the polymerization can be considered as normal
copolymerization with four propagation constants in
each region, k11, k12, k21, k22 in region I and k11, k13, k31,
k33 in region V. On the other hand, all characteristics
of a terpolymerization are obvious in region III, with
all nine propagation reactions of Table 3. In region II,
monomer B is partially ionized and can, therefore, react
as both M2 and M3 either with -M°1 or -M°2. Radical
chain ends -M°3 are assumed not to exist in region II.
Contrarily, for region IV is derived that only M3 reacts
with either -M°1, -M°2, or -M°3.

The model intends to predict the instantaneous
copolymer composition at any pH. Despite the claim to
develop a monotonic approach, it will be demonstrated
that calculations at only five pH values, one per region,
are sufficient to obtain the kinetic parameters for the
construction of copolymerization diagrams at any pH.
The five pH values were chosen at the extremes and
approximately in the middle of the pH ranges for regions
II-IV in Table 4.

Solution of the Terpolymerization Problem. To
calculate any instantaneous terpolymer composition
from eq 6a-c, the monomer feed concentrations of the
three monomers and six monomer reactivity ratios have
to be known. Their calculation is here presented.

Applying the notation introduced above as well as eq
5, parts a and b, leads to eq 7a-c yielding the unknown
feed concentrations of M2 and M3.

From the AM/AA copolymerization experiments per-
formed at pH ) 1.8 (region I) and pH ) 11.7 (region V),
r12, r21, r13, and r31 are accessible. More precisely, regions
I and V yield r12 ) rA

pH)2 and r21 ) rB
pH)2 for I and r13

) rA
pH)12 and r31 ) rB

pH)12 for V, respectively.

To obtain r23 and r32, the homopolymerization of AA
at different pH must be interpreted as a copolymeriza-
tion of AA and A-. The ARA of the current paper
proposes Kp as the overall contribution of all propaga-
tion reactions participating in the consumption of AA
and A- during the homopolymerization of AA. In other
words Kp summarizes the contributions of reactions 5,
6, 8, and 9 presented in Table 3. The mathematical
expression for Kp is given by eq 8a. Kp stands for the
summation of the corresponding propagation constants
(kij) weighted by the molar fractions of the “i” radical
chain end (F°i) reacting with a “j” monomer (fj). The
summation indices i and j start from 2 to present a
consistent notation. Since AM is absent during the
homopolymerization experiments of AA, the indices 2
and 3 indicate the contribution of all reactions involved.

Equation 8a can be rewritten as a function of the
degrees of ionization of the monomer (R) and the radical
chain end (R′), yielding eq 8b. The Supporting Informa-
tion presents the derivation in detail.

Table 5 summarizes the relationships of Kp adapted
to the pH regions of Table 4 and derived from eq 8b.
Kp

I and Kp
V directly yield k22 and k33. k23 can be

calculated from Kp
II with R at one appropriate pH value,

5.6 here. Introducing the value 5.6 into eq 4a, the
corresponding value of R is obtained, which is then
inserted in the expression for Kp

II yielding k23. Finally,
k32 can be calculated by the following procedure: pH
conditions are selected for region III where R approaches
1, for example R ) 0.95. Then, it is assumed that R′R)0.95
≈ R′R)1 and, consequently, R′R)1 is obtained from Kp

IV.
Inserting this R′ value, R ) 1, and the already known
propagation constants into Kp

III yields k32. Finally, r23
) k22/k23 and r32 ) k33/k32 are obtained.

Return to the Copolymerization System. The
binary system may be reconstructed due to the fact that
AA and A- represent portions of the same monomer the
amount of which is known from the batch recipe as [B]
) [M2] + [M3] defined by eq 7, parts b and c, and the
amount of AA units in the copolymer [MP

B] ) [MP
2] +

[MP
3] defined by eq 6, parts b and c. The amount of AM

as monomer and polymer unit remains invariable as [A]
) [M1] and [MP

A] ) [MP
1] defined by eqs 7a and 6a. Now,

all data are available to plot diagrams showing the
dependence of the instantaneous copolymer composition
FA ) F1 on the initial comonomer feed composition fA )
f1 at any pH in the range from 2 to 12.

The reconstruction of the binary system is further
reflected by the transformation of the invariable reac-
tivity ratios r12, r21, r13, r31, r23 and r32 into the pH-
dependent reactivity ratios rA and rB. By definition, it
is rA ) kAA/kAB and rB ) kBB/kBA. The values of kAA, kAB,
kBB, and kBA are obtained from eqs 9a-d. The equations
reflect the pH dependence, which is inherent in R and
R′.

Kp ) ∑
i)2,j)2

i)3,j)3

kijFi
ofj (8a)

Kp ) k22 + (k32 - k22)R′ +
(k23 - k22)R + (k33 + k22 - k23 - k32)R′R (8b)

[M1] ) [A] (7a)

[M2] ) (1 - R)[B] (7b)

[M3] ) R[B] (7c)
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Applying the definition of monomer reactivity ratios
to eq 9a-d, parts a and b of eq 10 are obtained for the
calculation of rA and rB. See Supporting Information for
details of the derivation.

It is visible that the calculation of rA and rB requires
values for r12, r13, r21, r31, k22, k23, k32, k33, pKa

M, and
pKa

Pend. Essentially, it was shown that all parameters,
with the exception of pKa

Pend, can be calculated or are
experimentally accessible. To obtain a value for pKa

Pend,
first, eq 8b was transformed into eq 11, which yields R′,
and with that and eq 4b, finally, pKa

Pend from eq 12.

All data are now available to calculate rA and rB
dependent on pH.

Model Application and Discussion
In this section the model developed above will be

applied to calculate the propagation constants and
reactivity ratios for the copolymerization of AM/AA
under conditions where the initial total monomer con-
centration was constant. Variation of the total monomer
concentration modifies the ionic strength in the case of
ionic or ionized monomers. The ionic strength is known
and was proved to influence the copolymerization kinet-
ics.21 It varies with the AA concentration and the pH,
however, it becomes significant only at the very ex-
tremes of the pH where high amounts of HCl or NaOH
are required to adjust the pH.20,21

Determination of Propagation Constants and
Reactivity Ratios. Experimental data of the homopo-
lymerization of AA at different pH were taken from the
literature.20 There, apparent propagation coefficients
(Kp) of AA were determined applying pulsed laser
technique combined with size exclusion chromatogra-
phy. The pH dependent values are plotted in Figure 2
for the pH range of interest herein. A dramatic decrease
of Kp is observed when the pH increases, in particular
for 3 < pH < 7. This decrease of Kp is accompanied by
the ionization of AA confirming the altered reactivity
of AA to be a consequence of the ionization processes.

The contribution of the ionic strength to the Kp caused
by the addition of NaOH can be neglected in this range
of pH. However, it was found to become significant at
pH > 12.20 Considering recent information on monomer
concentration effects on Kp,31 it is justified to note that
such effects may be neglected for the source of the data
where the pH influnce was studied for AA solutions of
5 wt % ) 0.7 mol/L.20 Comparison of Kp obtained for
0.42 mol/L31 reveals a difference of only about 2% what
is within the experimental error. Consequently, applica-
tion to 0.4 mol/L, the total monomer concentration
selected for the model is justified. The same holds for
AM for which deviations within the experimental error
range were reported in the concentration range 0.32-
0.7 mol/L.32 Nevertheless, it is known from other ionic
monomers that the monomer concentration influence
can become significant in particular at higher monomer
concentration.33

Kp values for the calculations were obtained from
fitting the values in Figure 2. Because of fitting the
values of Kp

II, Kp
III, and Kp

IV differ slightly from those
published by Lacik et al.20 Table 6 summarizes the
values calculated.

k22 and k33 were directly obtained from Kp
I and Kp

V

after fitting. Analyzing region II at pH ) 3.20 and using
eq 4a reveals R ) 0.09. Subsequently, k23 was calculated
from Kp

II. For region IV, knowing k33, k23, and Kp
IV, the

value of R′ was approximated as 0.77. Finally, assuming
that R′R)1 ≈ R′R)0.95 and applying Kp

III, k32 was deter-
mined. With the knowledge of k22, k23, k32, and k33 the
monomer reactivity ratios r23 ) 2.90 and r32 ) 0.094
were calculated. The values confirm that homopolym-
erization of M2 is favorable compared with cross-
propagation with M3. Contrarily, cross-propagation of
3 and 2 is preferred compared with homopolymerization
of M3.

From AM/AA copolymerizations carried out under
conditions described in Table 2, at the two extremes of
the pH range investigated here, the monomer reactivity
ratios r12, r21, r13, and r31 were obtained as reported in
Table 7.

Now all data are available to calculate terpolymer
compositions from eq 6a-c.

Model Validation. In Figures 3 and 4, model curves
are compared with experimental data. The experimental
data at different pH were taken from the literature.14-18

In each case, both experimental points and model curves
present the molar fraction of AM in the copolymer (FA)
as a function of the molar fraction in the monomer feed
(fA).

There is, in general, good agreement between pre-
dicted curves and experimental data though differences
for various data sources are visible. Comparing model
predictions and experimental data maximum deviations
are observed for data at pH ) 4.718 and at pH ) 2.514

as 28% and 13.5%, respectively. This may likewise serve
to explain scattering in Figure 1.

For the validation of eq 10b, the pKa
Pend value was

calculated as follows: Calculating R for different pH
conditions according to eq 4a and introducing corre-
sponding experimental values of Kp

20 into eq 11, a series
of R′ values was obtained. Subsequently, the value of
pKa

Pend was calculated as average pKa
Pend ) 5.29 ( 0.42.

As expected, the value is higher than pKa
M but within

the range reported for pKa
P.27,29 Table 8 contains all

values.

kAA ) k11 (9a)

kAB ) (1 - R)k12 + Rk13 (9b)

kBB ) k22 + (k32 - k22)R′ + (k23 - k22)R +
(k33 + k22 - k23 - k32)R′R (9c)

kBA ) (1 - R′)k21 + R′k31 (9d)

rA )
r12r13(10pKa

M
+ 10pH)

r1310pKa
M

+ r1210pH
(10a)

rB )

k2210pKa
M
10pKa

Pend
+ (k3210pKa

M
+ k2310pKa

Pend
)10pH + k33102pH

k22

r21
10(pKa

M+pKa
Pend) + (k33

r31
10pKa

M
+

k22

r21
10pKa

Pend)10pH +
k33

r31
102pH

(10b)

R′ )
Kp - k22 + R(k22 - k23)

(k32 - k22) + R(k22 + k33 - k23 - k32)
(11)

10pKa
Pend

)
10pH(1 - R′)

R′ (12)
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With the availability of r12, r13, r21, r31, k22, k23, k32,
k33, and pKa

M, pH dependent reactivity rations rA and
rB could be calculated at any pH in the range 2-12.
Figure 5 shows how the monotonic functions of calcu-
lated r-parameters adjust to experimentally obtained
values.21 Figure 5 may contribute to evaluate the data
of Figure 1.

The predicted rA increases faster than the experimen-
tal data when the pH increases from 4 to 8. The reason
for the difference could be associated with changes in
the reactivity of AM with the pH due to protonation or
formation of dimers,18,26,32 which was not yet considered.

The sensitivity of the model to the variable parameter
pKa

Pend was evaluated calculating rB (eq 10b) for the
error limits of the pKa

Pend average value of Table 8.
Table 9 lists the minimum and maximum values for the
entire pH range.

Conclusions
The actual reactivity approach (ARA) provides a

procedure how to treat secondary influences on the
reactivity of one monomer in the kinetic scheme of
copolymerizing systems initially consisting of a mixture
of two monomers. To the authors’ knowledge, it is the
first approach that considers electrochemical behavior
for the calculation of copolymer compositions and reac-
tivity ratios. Here the applicability was demonstrated
for the case that the pH alters the monomer reactivity
due to coexistence of two species, a neutral one and a
charged one, of a one monomer structure in a defined
pH range. The system AM/AA was selected to demon-
strate the principle of the approach. Good correlation
of the results from analytical expressions to calculate
copolymer compositions with experimental data was
proved. In addition, an estimation of the pKa of an AA
ending radical chain end became accessible.

In the case of AM protonation the initial AM/AA
copolymerization system would transform to a polym-
erization of four different monomers AM, AM+, AA, and
A- resulting in a pH dependent scheme co-ter-tetra-ter-
co polymerization. The approach may also be extended
to any other monomer such as methacrylic acid or
polymerizable amines, which are ionizable in a certain
pH range. Moreover, also other medium parameters,
which cause secondary effects on the monomer reactiv-
ity, may be subject of similar approaches, for example
ionic strength or solvent polarity. The relative simplicity
of the model permits including the analytical procedure
into chemical engineering and process control software.

Figure 3. Dependence of the instantaneous copolymer com-
position FA on the initial comonomer feed composition fA.
Comparison of model prediction (lines) and experimental data
(symbols). pH ) 12: (s, 9).21 pH ) 4.7: (- - -, [).18 pH ) 1.8:
(‚‚‚, b,15 2).16

Figure 4. Dependence of the instantaneous copolymer com-
position FA on the initial comonomer feed composition fA.
Comparison of model prediction (lines) and experimental data
(symbols). pH ) 7.1: (s, 9).17 pH ) 2.5: (- - -, [).14 pH )
2.17: (‚‚‚, b).18 (Note that the curves calculated for pH ) 2.5
and pH ) 2.17 overlay due to the very similar rA and rB values.
Only the latter is therefore printed here.)

Table 8. Determination of pKa
Pend

pH R Kp, L/mol s R′ pKa
Pend

3.2 0.08 112 600 0.01 5.18
3.9 0.31 92 900 0.04 5.24
4.2 0.47 81 000 0.03 5.68
4.6 0.69 62 300 0.07 5.74
5.0 0.85 30 400 0.55 4.91
5.3 0.92 23 600 0.62 5.10
5.6 0.96 17 100 0.73 5.17

av: 5.29 ( 0.42

Figure 5. Dependence of the monomer reactivity ratios rA
and rB on the pH. Comparison of model prediction (lines) and
experimental data21 (symbols). AM (s, b, O) and AA (- - -, 9,
0). Full symbols indicate input data used to calculate the
model.

Table 9. Sensitivity of rB to Variation of pKa
Pend

pH pKa
Pend ) 4.87 pKa

Pend ) 5.71

1.8 1.48 1.48
2.7 1.45 1.45
3.6 1.29 1.3
4.4 0.87 0.91
5.3 0.49 0.57
6.2 0.36 0.45
7.8 0.32 0.33
8.8 0.32 0.32

11.7 0.32 0.32
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Abbreviations and Symbols

A ) monomer with constant reactivity
B ) monomer with variable reactivity
M1 ) first monomer for terpolymerization analysis
M2 ) second monomer for terpolymerization analysis
M3 ) third monomer for terpolymerization analysis
AM ) acrylamide
AA ) acrylic acid
A- ) acrylate
-AM ) AM terminal chain unit
-AA ) AA terminal chain unit
-A- ) A- terminal chain unit
-M°AM ) -AM growing radical
-M°AA ) -AA growing radical
-M°A

- ) -A- growing radical
Ka ) dissociation constant
pKa

i ) negative logarithm of Ka (i ) M, P, or Pend)
R ) degree of ionization of AA
R′ ) degree of ionization of -AA
rA ) reactivity ratio: kAA/kAB
rB ) reactivity ratio: kBB/kBA
rij ) reactivity ratio: kii/kij (i, j ) 1, 2, 3)

Supporting Information Available: Text giving the
derivation of eq 8b from eq 8a and calculation of pH dependent
monomer reactivity ratios. This material is available free of
charge via the Internet at http://pubs.acs.org.
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